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ABSTRACT
The long-standing assumption that the stellar initial mass function (IMF) is univer-
sal has recently been challenged by a number of observations. Several studies have
shown that a “heavy” IMF (e.g., with a Salpeter-like abundance of low mass stars
and thus normalisation) is preferred for massive early-type galaxies, while this IMF is
inconsistent with the properties of less massive, later-type galaxies. These discoveries
motivate the hypothesis that the IMF may vary (possibly very slightly) across galaxies
and across components of individual galaxies (e.g. bulges vs discs). In this paper we
use a sample of 19 late-type strong gravitational lenses from the SWELLS survey to
investigate the IMFs of the bulges and discs in late-type galaxies. We perform a joint
analysis of the galaxies’ total masses (constrained by strong gravitational lensing) and
stellar masses (constrained by optical and near-infrared colors in the context of a stel-
lar population synthesis [SPS] model, up to an IMF normalisation parameter). Using
minimal assumptions apart from the physical constraint that the total stellar mass
m∗ within any aperture must be less than the total mass mtot within the aperture, we
find that the bulges of the galaxies cannot have IMFs heavier (i.e. implying high mass
per unit luminosity) than Salpeter, while the disc IMFs are not well constrained by
this data set. We also discuss the necessity for hierarchical modelling when combining
incomplete information about multiple astronomical objects. This modelling approach
allows us to place upper limits on the size of any departures from universality. More
data, including spatially resolved kinematics (as in paper V) and stellar population
diagnostics over a range of bulge and disc masses, are needed to robustly quantify how
the IMF varies within galaxies.
Key words: galaxies: spiral – galaxies: fundamental parameters – stars: mass function
– gravitational lensing
1 INTRODUCTION
The stellar initial mass function is a quantity of great in-
terest for a number of areas in astrophysics, ranging from
the understanding of the microphysics of star formation to
the demographics of stars and galaxies in the Universe. Ow-
ing to its fundamental importance, it is not surprising that
? bj.brewer@auckland.ac.nz
† Packard Research Fellow
substantial effort is being devoted to measuring it from as-
tronomical observations. In the Milky Way the IMF can be
inferred from resolved stellar populations although selection
effects and dynamical and stellar evolution modelling are sig-
nificant sources of uncertainty (see Bastian, Covey, & Meyer
2010, for a recent review). Outside our Galaxy one has to
rely on less direct probes, such as spectral features in inte-
grated stellar populations (e.g. van Dokkum & Conroy 2010;
Conroy & van Dokkum 2012; Spiniello et al. 2012; La Bar-
bera et al. 2013), gravitational lensing (e.g. Treu et al. 2010;
c© 2012 RAS
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Auger et al. 2010b), and stellar kinematics (e.g. Cappellari
et al. 2012; Dutton, Mendel, & Simard 2012).
An important indirect way to characterise the IMF in
distant galaxies consists of measuring the total gravitational
mass (e.g., from dynamics, gravitational lensing, X-ray tem-
perature profiles, or some combination of these) and relating
this total mass to the stellar mass by using some prescrip-
tion to account for the non-baryonic dark matter mass. By
comparing this gravitationally-measured stellar mass with
the stellar mass obtained from SPS models constrained by
the observed colours of the galaxies, one can infer the nor-
malisation of the IMF (e.g. Bell & de Jong 2001). In the past
few years, these methods have provided evidence against a
universal IMF. Early-type galaxies much more massive than
the Milky Way seem to prefer “heavy” IMFs, where we use
this term to refer to IMFs that yield mass to light ratios
comparable to or larger than those obtained for a Salpeter
IMF (e.g. Barnabe` et al. 2013; Tortora, Romanowsky, &
Napolitano 2013; Cappellari et al. 2012; Sonnenfeld et al.
2012; Auger et al. 2010a; Treu et al. 2010). Remarkably,
these results are in qualitative agreement with each other
and with trends observed from spectral features. The nor-
malisation of the IMF appears to be dependent on galaxy
mass or morphology. Analyses of lower-mass or late-type
galaxies are inconsistent with such heavy IMFs (e.g. Bell &
de Jong 2001; Cappellari et al. 2006; Bershady et al. 2011).
2 THE SWELLS SURVEY
The Sloan WFC Edge-on Late-type Lens Survey (SWELLS)
survey (Treu et al. 2011) is a project aimed at discovering
edge-on spiral galaxies acting as gravitational lenses in the
SDSS. High quality imaging obtained from the HST and
Keck telescopes, combined with dynamical information, pro-
vides the opportunity to study the structure of the dark
matter haloes of spiral galaxies, along with the properties of
the stellar components of the lenses.
In a recent paper (Brewer et al. 2012, hereafter
SWELLS-III) we put forward a simple method for placing
upper limits on the IMF normalisation α in a sample of grav-
itational lens galaxies from the SLACS (Bolton et al. 2006)
and SWELLS (Treu et al. 2011) surveys. The gravitational
lensing-derived total mass (within any aperture) could be
measured and compared to the SPS-derived stellar mass,
assuming a Salpeter IMF (Salpeter 1955). The IMF normal-
isation parameter α can be varied but could never be so high
that it would imply a stellar mass that is greater than the
measured total mass. Using this argument, we found that,
for the 14 lighter galaxies in the sample (those with lens
velocity dispersion σ < 230 km s−1 ), a heavy IMF was di-
rectly ruled out by the data, regardless of any assumptions
on the non-baryonic dark matter content; when combined
with the previous measurements of a heavy IMF in more
massive galaxies, this result is inconsistent with a univer-
sal IMF. A possible interpretation of this finding is that the
IMF varies systematically with galaxy stellar mass. In turn,
the present-day stellar mass of galaxies is known to correlate
with the age and metallicity of their stellar populations, per-
haps suggesting that variations in the IMF reflect differences
in the conditions at the time when the stars were formed.
In this paper, we extend the investigation in SWELLS-
III and remedy a number of shortcomings in the analysis.
The work presented here is complementary to that of Dut-
ton et al. (2013), who re-analyzed a sub-sample of five bulge-
dominated SWELLS systems order to investigate the same
question; our approach is to re-visit the larger sample using
an ensemble analysis of the simple, robust measurements of
SWELLS-III. Specifically, we consider the hypothesis that
the IMF normalisation may vary (possibly very slightly)
from galaxy to galaxy, and that it may also be different
in the bulges and disks of late-type galaxies. We perform
a joint analysis of the photometric stellar mass and gravi-
tational total mass measurements of the SWELLS galaxies
in order to infer the IMF normalisation parameter(s) α of
the galaxies’ stellar population(s). We make a working as-
sumption that the IMF normalisation parameter α may be
different (although possibly close) in bulges and discs and
also across different objects. Physically, this investigation is
motivated by the fact that the stellar populations of bulges
and discs are known to be significantly different in their
star formation histories and chemical abundance patterns,
suggesting that their stars were formed under different con-
ditions. The presence or absence of differences between the
bulge and disc IMFs could thus offer some clues to the phys-
ical origins of the IMF. We note that the analysis presented
in this paper follows a general structure that is common in
astrophysics. In a sample of N objects, it may be possible
to measure some property {xi} of each object. However, the
measurements are noisy and so we do not know the prop-
erty for each object precisely. Despite this difficulty it is still
possible to infer things about the distribution of properties
present in the population (or at least, in the population as
modulated by the selection function).
The kind of problem is well described by a Bayesian hi-
erarchical model (Loredo 2012). These models are becoming
increasingly recognised as a powerful tool in astrophysics,
with applications ranging from exoplanets (Hogg, Myers,
& Bovy 2010), galaxy evolution (Shu et al. 2012), trans-
neptunian objects (Loredo 2004), and fitting of straight lines
(Kelly 2007).
This paper is organized as follows. In Section 3, we de-
scribe the notation we will use for the various quantities
involved in this study. In Section 4 we define the sample of
galaxies used in this work and the data that will be used
for our inferences. In Section 5 we describe the model we
use to interpret the mass measurements of a single galaxy,
and present some inferences from one system in Section 6.
Then, we describe our hierarchical model for combining the
information from all galaxies in the sample in Section 7, and
present our final results in Section 8. In Section 9 we briefly
discuss our results and conclude.
3 NOTATION
Throughout this paper, all masses given are in units of solar
masses M. We denote masses by lower-case m’s, log-masses
(base 10) by upper-case M ’s, and observed quantities by an
over-tilde. For example, an object might have a mass m (in
solar masses) and its logarithm is log10(m) = M . If M is
measured it produces a noisy measurement,
M˜ = M + , (1)
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where  is the specific amount of noise in this measurement.
We will also have quantities that are logarithms (to base 10)
of masses that have been rescaled by an unknown factor α.
These quantities are denoted by curly upper-case M’s, and
correspond to the estimates of stellar mass made by SPS
models:
M = log10
(m
α
)
= M − log10 α. (2)
If M is estimated under the assumption of a Salpeter IMF,
α = 1. Lighter IMFs give lower predicted stellar masses:
a Chabrier IMF (Chabrier 2003) corresponds to α ≈ 0.6.
Throughout this paper, we adopt α = 0.6 as the definition
of a Chabrier IMF. The quantityM can be considered as the
log of the stellar mass that would be inferred by applying an
SPS model that assumes the Salpeter IMF to be true. For ex-
ample, suppose a disc has a true mass m = 1010M and the
appropriate IMF is given by α = 0.5. Then the application
of an SPS model that assumes a Salpeter IMF would over-
estimate the mass, giving a resultM = log10
(
m
α
)
= 10.301.
Our galaxy model is composed of three components – a
bulge of stars, a disc of stars, and a halo of dark matter –
and the masses of these three components will be denoted
by subscripts b, d, and h respectively. We will also consider
total mass, denoted with a subscript tot,
mtot = mb +md +mh. (3)
Corresponding logarithmic versions and observed noisy ver-
sions will be denoted by the appropriate upper-case M and
an over-tilde as described above. The fraction of the mass
in stars is given by
f =
mb +md
mtot
. (4)
Our modelling ensures that this fraction f lies between 0
and 1. The log of this fraction will be denoted by the upper
case F :
F = log10(f), (5)
which lies between −∞ and 0. Finally, we also define the
logit-transformed version of the stellar mass fraction f , de-
fined by:
` = ln
(
f
1− f
)
. (6)
The logit transform is useful because ` can take any real
value, while f is constrained to only have values between 0
and 1. This property will be exploited in the full hierarchi-
cal model (Section 7). Note that the stellar mass fractions
are defined within the critical curve, which is an observer-
dependent quantity, and not an intrinsic property of the lens
galaxy. Since the mass fractions are nuisance parameters in
the context of studying the IMF, this is not expected have
a major impact on our results.
We note that all of the quantities described here are de-
fined for a single galaxy. As there are 19 lens galaxies in our
sample (Section 4) there are 19 values for f , mtot, Mb, etc.
Individual object quantities are denoted by a superscript, for
example F j would be the logarithm (base 10) of the fraction
of the mass that is in stars, for galaxy j.
4 DATA
For this study we use a subset of 19 systems from the
full SWELLS sample (SWELLS-I, SWELLS-III) that have
robust lens models previously published in SWELLS-III.
Specifically, for these 19 lens galaxies we have Singular
Isothermal Ellipsoid models with external shear (SIE+γ
models). We also have estimates of the stellar masses for
both bulge and disc components. We integrated the surface
brightness models and gravitational lens models within the
elliptical critical curve to obtain estimates of three quan-
tities: the bulge mass, the disc mass, and the total mass
contained within the critical curve. These aperture masses
are presented in Table 1 and constitute the data that will
be analysed in this paper. Note that all masses mentioned
in this paper refer to the aperture mass integrated within the
critical curve of the lens model.
The bulge and disc mass measurements in Table 1 were
derived under the assumption of a Salpeter IMF. Hence,
they can be considered as measurements of the (logarithm
of the) stellar masses divided by the IMF normalisation pa-
rameter α, as in Equation 2.
In Figure 1, we plot, as a function of the estimated value
of the gravitational lens velocity dispersion parameter σ˜SIE,
the “observed” mass fraction in stars, calculated na¨ıvely by
dividing the measured stellar mass by the measured total
mass:
F ≈ log10
(
10M˜b+M˜d
)
− M˜tot (7)
In the top panel, we see the assumption of a Salpeter IMF
leads to a prediction of high stellar mass fraction, and many
of the galaxies in our sample appear in the unphysical region
F > 0 (or f > 1). Thus, this data set seems to provide some
evidence against the Salpeter IMF, and “heavier” IMFs, for
this sample. Our goal in the remainder of this paper is to
formalise this intuition by carefully performing the inference
and obtaining constraints on hypotheses about the IMF nor-
malisations α for the bulges and discs in this sample. This
will be achieved by a Bayesian analysis of the data given in
Table 1. This analysis should be considered as superseding
the one presented in SWELLS-III.
5 A SINGLE GALAXY
5.1 Noise-Free Argument
In this section we describe a simple argument for constrain-
ing the IMF normalisation parameters αb and αd in a single
galaxy based on an SPS mass measurement (that assumed
a Salpeter IMF) and a total mass measurement. This sim-
ple argument provides the fundamental reason for why this
data set can constrain the IMF, free of the later probabilistic
complications.
Suppose that the log of the total mass of a galaxy
(within some aperture, in our case the elliptical critical curve
of each system’s lens model) has been measured exactly
(without noise), giving the result
Mtot = log10 (mb +md +mh) . (8)
Suppose also that the bulge mass and the disc mass within
the same aperture have also been measured exactly from the
galaxy photometry and the application of an SPS model
c© 2012 RAS, MNRAS 000, 1–13
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System σ˜SIE M˜b ± σb M˜d ± σd M˜tot ± σtot
(km/s)
J0820+4847 192.3 10.65 ± 0.09 10.15 ± 0.08 10.71 ± 0.047
J0822+1828 185.7 10.54 ± 0.16 9.85 ± 0.16 10.64 ± 0.018
J0841+3824 251.7 11.07 ± 0.09 10.01 ± 0.09 11.15 ± 0.015
J0915+4211 196.0 10.38 ± 0.11 10.50 ± 0.13 10.61 ± 0.009
J0930+2855 344.0 11.23 ± 0.17 10.35 ± 0.17 11.61 ± 0.006
J0955+0101 238.3 10.60 ± 0.09 10.21 ± 0.09 10.93 ± 0.023
J1021+2028 162.8 10.61 ± 0.18 9.48 ± 0.12 10.30 ± 0.046
J1029+0420 212.6 10.85 ± 0.10 9.72 ± 0.09 10.82 ± 0.012
J1032+5322 251.8 10.80 ± 0.08 10.38 ± 0.10 11.06 ± 0.009
J1103+5322 224.1 10.88 ± 0.09 10.55 ± 0.10 11.03 ± 0.011
J1111+2234 229.4 11.16 ± 0.14 10.69 ± 0.15 11.18 ± 0.005
J1117+4704 218.4 10.75 ± 0.16 10.37 ± 0.12 10.88 ± 0.008
J1135+3720 207.4 10.21 ± 0.13 10.71 ± 0.14 10.79 ± 0.042
J1203+2535 189.3 10.56 ± 0.08 10.05 ± 0.09 10.63 ± 0.028
J1251−0208 205.0 10.76 ± 0.07 10.26 ± 0.08 10.95 ± 0.012
J1313+0506 174.7 10.67 ± 0.10 9.11 ± 0.11 10.44 ± 0.124
J1331+3638 248.9 10.76 ± 0.10 9.54 ± 0.08 10.95 ± 0.018
J1703+2451 209.6 10.21 ± 0.06 9.92 ± 0.09 10.47 ± 0.010
J2141−0001 190.3 10.65 ± 0.10 10.37 ± 0.08 10.77 ± 0.055
Table 1. Properties of the 19 galaxies in the subsample of SWELLS discussed in this paper. The quantities given are the measured value
of the lensing velocity dispersion σSIE along with the bulge, disc and total masses within the critical curve. These values are the “data”
that we will analyse in this paper.
that assumes a Salpeter IMF. This is equivalent to having
obtained the values of the following “SPS masses:”
Mb = log10
(
mb
αb
)
(9)
Md = log10
(
md
αd
)
. (10)
In terms of these quantities, the total stellar mass (bulge
plus disc) within the aperture is:
mb +md = αb10
Mb + αd10
Md . (11)
The key argument is that the total stellar mass cannot be
greater than the total mass including dark matter. This
leads to the following constraint:
mb +md 6 mtot (12)
αb10
Mb + αd10
Md 6 10Mtot . (13)
Equation 13 can be interpreted as a linear constraint on αb
and αd. This constraint, produced under the (false) assump-
tion of noise-free measurements, is plotted as the dotted
green line in Figure 2, alongside more justified conclusions
derived henceforth.
5.2 Inference in the Presence of Noise
The assumption of noise-free measurements above is of
course invalid. We now relax this assumption in order to
obtain a probabilistic version of the constraint Equation 13.
Bayesian inference provides the framework for inferring
the values of unknown model parameters. This is done by
assuming a prior distribution Pr(θ) over the parameter space
(where θ denotes the unknown parameters) and updating
this to a posterior distribution using Bayes’ rule:
Pr(θ|D) ∝ Pr(θ)Pr(D|θ). (14)
The first ingredient for the analysis is a choice of prior
distribution Pr(θ) describing initial uncertainty about the
parameter values. The second ingredient for the analysis is
a choice of “sampling distribution” Pr(D|θ) which describes
our assumptions about how the data came about, or our
predictions about data we would be likely to observe if we
happened to know the values of the unknown parameters.
When the data are fixed the sampling distribution is a func-
tion of the parameters only, called the likelihood function.
If the set of possible values for θ and D is continuous then
Pr(θ) and Pr(D|θ) are probability density functions (PDFs).
At this point we note a common misconception: that
priors are subjective and sampling distributions are some-
how measurable. In fact, both priors and sampling distri-
butions describe prior beliefs (which may be informed by
previous data). The prior Pr(θ) models an agent’s prior be-
liefs about the values of the parameters, and the sampling
distribution Pr(D|θ) models the agent’s prior beliefs about
how the data are related to the parameters. Without prior
knowledge of a relationship, inference is not possible.
The final ingredients in the analysis are the actual data
D and numerical methods (such as Markov Chain Monte
Carlo [MCMC]) for computing the posterior distribution
Pr(θ|D) or summaries thereof.
5.2.1 Data
In our case, the data are the values of the three measured
quantities:
D = {M˜b,M˜d, M˜tot}. (15)
In principle, a more “raw” version of the data, such as pixel
values, should be used. However, this is prohibitive in many
applications.
For concreteness we will use the galaxy SWELLS
c© 2012 RAS, MNRAS 000, 1–13
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Figure 1. A comparison of the “observed” stellar mass fraction as a function of lens velocity dispersion for three different IMF scenarios.
The vertical error bars are approximate, and were computed by calculating the uncertainty in the ratio of the stellar mass to the total
mass assuming those two quantities are independent. The top two panels are similar to plots from SWELLS-III, while the middle panel
is new to this paper. Top: Salpeter IMF, Middle: Salpeter IMF for bulge, Chabrier IMF for disc, Bottom: Chabrier IMF. The galaxy
denoted with the black star symbol is J0820+4847, which is the object studied in Section 5.
J0820+4847 to demonstrate the technique. This galaxy has
the following mass measurements within its critical curve:
M˜b = 10.65
M˜d = 10.15
M˜tot = 10.71.
(16)
The uncertainties on these measurements are:
σb = 0.09
σd = 0.08
σtot = 0.05.
(17)
These estimates and uncertainties are the result of SPS mod-
elling (in the case of Mb and Md) and gravitational lens
modelling (in the case of Mtot).
5.2.2 Sampling Distribution
We make the usual Gaussian (normal) assumption for the
measured quantities given the true quantities:
M˜b ∼ Normal
(Mb, σ2b)
M˜d ∼ Normal
(Md, σ2d)
M˜tot ∼ Normal
(
Mtot, σ
2
tot
)
.
(18)
5.2.3 Parameters and Priors
The unknown parameters of interest to be inferred are αb
and αd. However, the sampling distributions in Equation 18
depend on the values of the unknown nuisance parameters
c© 2012 RAS, MNRAS 000, 1–13
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Mb,Md and Mtot, so they must also be included as model
parameters. For convenience, rather than using Mtot as a
parameter we will parameterise in terms of F , which so our
five unknown parameters are:
θ = {αb, αd,Mb,Md, F} (19)
Therefore, the final line of the sampling distributions (Equa-
tion 18) will need to be written in terms of these parameters.
Note that:
mtot =
mb +md
f
(20)
Which implies:
Mtot = log10
(
αb10
Mb + αd10
Md
)
− F (21)
Therefore, the final line of the likelihood (Equation 18) can
be rewritten in terms of the parameters θ:
M˜tot ∼ Normal
(
log10
(
αb10
Mb + αd10
Md
)
− F, σ2tot
)
(22)
To assign priors, we can use broad distributions that
allow a wide range of plausible values. For αb and αd we use
a plausible range from 0.3 to 2. Let us also (for now) assume
that we know “almost nothing” about the masses of galaxies,
but guess that each component’s mass (assuming a Salpeter
IMF) lies somewhere between 105 and 1015 solar masses.
This is a very broad prior range and a much narrower prior
would be astrophysically justified, however, the prior range
does not have much of an effect because these quantities are
directly measurable and the posterior distribution will be
much narrower than the prior.
This prior information is encoded by the following
choices for the prior distribution (for four of the five pa-
rameters):
αb ∼ Uniform(0.3, 2) (23)
αd ∼ Uniform(0.3, 2) (24)
Mb ∼ Uniform(5, 15) (25)
Md ∼ Uniform(5, 15) (26)
The final parameter that requires a prior distribution is F .
This variable naturally has an upper limit of zero, and we
shall assign a uniform prior:
F ∼ Uniform(−5, 0). (27)
Other quantities that may be of interest are considered de-
rived quantities and can be obtained from the formulae given
in Section 3.
The choice of uniform priors, particularly for αb and
αd, is not intended to be a realistic description of the best
judgment of an IMF expert. Rather, the uniform prior is a
convenient choice that allows us to easily see the effect of
the current data set in the results.
5.2.4 Computation
To obtain the marginal distributions for αb and αd we imple-
mented this model in the JAGS1 program for MCMC (Plum-
mer 2003). JAGS was chosen because it is straightforward to
1 Just Another Gibbs Sampler:
http://mcmc-jags.sourceforge.net/
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Figure 2. The posterior PDF for the bulge and disc IMF normal-
isation parameters αb and αd for SWELLS J0820+4847. Darker
regions have higher probability density. If noise-free measure-
ments were available, the green dotted line would provide a hard
limit. The presence of noise has smoothed out the constraint, so
that more massive IMFs become less plausible in a gradual man-
ner. Note that the bulge IMF is more constrained than the disc
IMF. This occurs because the bulge has more mass within the
critical curve than the disc. The inner contour encloses 68% of
the probability and the outer contour encloses 95%. The hypoth-
esis that both bulge and disc IMF normalisations are Salpeter is
indicated by the red triangle at (1, 1). Similarly, the purple star at
(1, 0.6) and the blue circle at (0.6, 0.6) denote other hypotheses
about the IMF of the bulge and the disc in SWELLS J0820+4847.
implement complex Bayesian models using its model spec-
ification language. For this study, this attribute was more
important than computational efficiency.
6 RESULTS: THE BULGE AND DISC IMFS IN
A SINGLE GALAXY
Figure 2 shows the posterior PDF for the bulge and disc IMF
normalisations, αb and αd, given the SWELLS J0820+4847
data. For clarity, the dotted line shows the constraint that
would be obtained from Equation 13 if the measurements
had zero uncertainty (Section 5.2; note the perfect degener-
acy between the bulge and disc IMF normalisations). The
posterior is approximately uniform below the constraint line,
just like the prior. As expected, the probabilistic model has
softened the hard constraint. We see that αb is more con-
strained than αd, a result of the fact that this lens is dom-
inated by the bulge, within its critical curve (as are most
of the SWELLS lenses). We find that, under these assump-
tions, and marginalising over all other parameters, αb < 1.10
with 95% probability. For comparison, the prior probability
of the hypothesis αb < 1.10 was 47%.
c© 2012 RAS, MNRAS 000, 1–13
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7 A HIERARCHICAL MODEL
We now consider the simultaneous analysis of multiple
galaxies in order to produce stronger constraints than those
produced in the single system SWELLS J0820+4847 and
shown in Figure 2. It is tempting to simply repeat the anal-
ysis of Section 5 for each system and take the product of
the resulting marginal likelihood as a function of αb and
αd. However, such an approach would produce innaccurate
results due to the following hidden assumptions. Firstly, in
this approach we would be implicitly assuming that there
is one αb value that applies to all bulges and one αd value
that applies to all discs. Secondly (and more importantly),
the model in Section 5 assumes a broad prior on the loga-
rithm of the stellar mass fraction (F ). Applying this model
to every galaxy is equivalent to assuming the prior on the
set of F -values ({F j}) is independent. This assumption is
problematic because it implies that the F values are all very
likely to be scattered across the whole range [−5, 0] and are
very unlikely to be concentrated together.
Thus, the prior probability that (for example) all ob-
jects have a high stellar mass fraction is unreasonably low,
and the model will favour lower values for the IMF nor-
malisation. Inspection of Figure 1 suggests that a universal
Salpeter IMF should be disfavoured; however the strength
of this conclusion will depend strongly on how plausible it is
that most galaxies in the sample have high stellar mass frac-
tions. Applying the Section 5 analysis independently to each
object implies a very small prior probability for all galax-
ies having approximately the same high F value, while we
have no good reasons to be sceptical of this possibility. In
other words, such an analysis ignores our belief that some
common physical framework is responsible for the formation
and evolution of all galaxies. The result from applying this
strategy is shown in Appendix C.
To overcome these problems, we introduce an alterna-
tive hierarchical Bayesian model. We allow each galaxy to
have its own value for αb and its own value for αd, but rather
than assigning independent Uniform(0.3, 2) priors for these
parameters, we assume that the prior would be a lognor-
mal distribution, if only we knew the appropriate mean and
variance. However, we do not know the appropriate mean
and variance, so we allow those to be unknown parameters
as well. There are several ways to parameterise a lognor-
mal distribution. Throughout this paper we use the median
value µ of the variable and the standard deviation of the nat-
ural logarithm of the variable, denoted by σ. The lognormal
density for a variable x is given by:
Pr(x|µ, σ) = 1
xσ
√
2pi
exp
[
− 1
2σ2
(ln(x)− ln(µ))2
]
(28)
for x > 0. When applied to the bulge IMF normalisations,
the hierarchical prior increases the prior probability that the
αb values are very similar to each other across the popula-
tion and encodes our belief that the physics of star formation
is not wildly different in different galaxies. The median and
variance of this phenomenological model for the distribution
of bulge IMFs are to be inferred from the data. Similarly,
we take the αd parameters of each disc to be drawn from
a different lognormal distribution. We now have four hyper-
parameters that represent our simple model for the distri-
bution of bulge and disk IMFs in the population. It is to
these hyperparameters – the medians and variances of the
conditional prior PDFs for the αb and αd parameters – we
assign vague, “uninformative” priors. The {αjb} and {αjd}
variables are not the only quantities whose prior should be
modified when the model is extended to multiple galaxies.
We shall assume the bulge “masses” {Mjb} were drawn from
a common normal distribution, whose mean µMb and width
σMb we hope to infer from the sample. This corresponds to
the assumption that our galaxies’ bulges are similar in their
mass, which makes sense given that they were all selected
in the same way (Treu et al. 2011). We make the same as-
sumption for the discs: that they are similar in their mass.
This introduces additional hyperparameters µMd and σMd .
Each of our galaxies has an F value, the logarithm (base
10) of the fraction of the mass that is in stars (within its
critical curve). Rather than applying a simple hierarchical
structure to the prior on the {F j} variables, the apparent
trend in Figure 1 motivates the assumption that the F val-
ues for the galaxies vary as a function of σ˜SIE. The hard
upper limit of F = 0 complicates matters, so we work in
the logit basis where ` = ln [f/(1− f)]. We shall assume
that the mass fractions are scattered around the following
relationship as a function of log10
(
σ˜jSIE
)
:
` = `0 + `1 log10
[
σ˜jSIE
162.8 km/s
]
. (29)
In this relationship, `0 is the “initial” value of the trend
line, `1 is the gradient, and 162.8 km/s is the lowest σ˜
j
SIE
value in the data set, where ` = `0 applies. This assumption
introduces hyperparameters `0, `1 and σ` into the model,
where the latter is the degree of scatter around the assumed
trend line. We choose vague priors for `0 and σ`. For `1
(the slope of the trend), we choose a heavy tailed Cauchy
(Lorentzian) distribution centered at 0 and with a scale of
10. This models a prior assumption that `1 is probably small
in magnitude (such that we would not expect ` to vary by
more than 10 over an order-of-magnitude range of σ˜jSIE), but
the heavy tails allow this assumption to be incorrect if the
data warrant it.
The prior PDF for all hyperparameters and parameters,
and the sampling distribution for the data given the param-
eters, is given in Table 2. The structure of this hierarchical
model is depicted graphically in Figure 3. This diagram can
be understood as a recipe for generating simulated data sets
by working from the outer nodes (hyperparameters) to the
innermost data nodes. The first step would be to generate
hyperparameter values from their prior, to describe the cen-
tral tendencies and diversities of the galaxies’ properties.
Then, individual galaxy properties would be drawn from
their distributions given the hyperparameters. Finally, data
values would be generated from the sampling distributions
given the individual galaxy properties. A recipe for simulat-
ing data (starting by simulating parameter values from their
prior) is equivalent to a fully specified Bayesian model. In
Section 8 we present the results from the SWELLS sample.
c© 2012 RAS, MNRAS 000, 1–13
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Parameter Meaning Probability Distribution
Population Hyperparameters
µαb Median of bulge IMFs Uniform(0.3, 2)
σαb Diversity of bulge IMFs LogUniform(0.001, 1)
µαd Median of disc IMFs Uniform(0.3, 2)
σαd Diversity of disc IMFs LogUniform(0.001, 1)
µMb Median of bulge masses Uniform(5, 15)
σMb Diversity of bulge masses LogUniform(0.001, 1)
µMd Median of disc masses Uniform(5, 15)
σMd Diversity of disc masses LogUniform(0.001, 1)
`0 Median of ` (logit-transformed f) at σ˜SIE = 162.8 km/s Uniform(-10, 10)
`1 Gradient of ` trend with log10 (σ˜SIE) Cauchy(0, 10)
σ` Scatter of ` values around trend line LogUniform(0.001, 1)
Individual Galaxy Parameters
αjb Bulge IMF LogNormal(µαb , σ
2
αb
)
αjd Disc IMF LogNormal(µαd , σ
2
αd
)
Mjb log10(“Salpeter” Bulge mass) Normal(µMb , σ2Mb )
Mjd log10(“Salpeter” Disc mass) Normal(µMd , σ2Md )
ln
(
fj
1−fj
)
logit-transformed stellar mass fraction Normal
(
`0 + `1 log10
[
σ˜
j
SIE
162.8 km/s
]
, σ2`
)
Data
M˜jb SPS bulge mass measurement Normal(Mjb, (σjb)2)
M˜jd SPS disc mass measurement Normal(Mjd, (σjd)2)
M˜jtot Lensing total mass measurement Normal
(
log10
(
αjb10
Mj
b + αjd10
Mj
d
)
− F j , (σjtot)2
)
Table 2. All the parameters in our hierarchical model, with their assigned prior PDFs or sampling distributions. In our notation for a
lognormal distribution, the first entry gives the median or central value of the variable, and the second entry gives the variance (standard
deviation squared) of the natural log of the variable. However, the variance is usually written as σ2 so the standard deviation can be read
easily. The total number of unknown parameters and hyperparameters is 106 and the total number of measurements is 57 (not including
noise variances on the measurements, which are counted as prior information).
8 RESULTS: THE DISC AND BULGE IMFS IN
THE SWELLS SAMPLE
The hierarchical model specified in Section 7 was imple-
mented and run in JAGS, producing posterior samples for all
of the hyperparameters and parameters listed in Table 2.
To investigate conclusions similar to those for SWELLS
J0820+4847 in Figure 2, we plot the marginal posterior PDF
for µαb and µαd in Figure 4. We see that in this sample, the
mass measurements tend to support light IMFs in both the
disc and the bulge components. The constraint on the bulge
IMF is marginally tighter than the disc constraint, as we
might expect for these brighter, more massive galaxy com-
ponents. Heavy IMFs are somewhat disfavoured for both
components in these galaxies: marginalising, we find that
Pr(µαb < 1) ≈ 96.6% while Pr(µαd < 1) ≈ 81.6%. The prior
probability of each of these hypotheses was 41.2%. In other
words, this data strongly disfavours the hypothesis that
the centroid of the distribution of α values is greater than
Salpeter (1). However, the assumption of a near-universal
IMF (µαb ≈ µαd and both σαb and σαd are small) is com-
patible with the data.
Figure 4 shows the posterior distribution for the me-
dian IMF normalisations for bulges and disks, but we have
assumed that there is some (possibly small) diversity in αb
and αd from galaxy to galaxy. We plot the posterior PDF
for the width parameters σαb and σαd in Figure 6. Note that
the axes in this plot are in logarithmic units, so that the as-
sumed prior was uniform inside the square shown. The data
have ruled out the upper and right-most parts of this space,
and are consistent with values in the lower left quadrant.
A perfect universal IMF would imply (among other things,
such as µαb = µαd) that σαb = σαd = 0, and this is not
included in our hypothesis space. However, low but nonzero
values of σαb and σαd may be considered close enough to
zero for practical purposes, but probability statements about
universality would be sensitive to the definition. Marginalis-
ing over all other hyperparameters and parameters, we find
95% upper limits by computing Pr(σαb 6 0.165) = 95% and
Pr(σαd 6 0.375) = 95%. The prior probabilities of these two
hypotheses were 55% and 64% respectively.
The galaxy stellar mass fractions inferred in this hier-
archical model are plotted in Figure 5, where the error bars
represent the full uncertainty in the masses after marginal-
ising over αb and αd for that galaxy, and also over the pop-
ulation hyper-parameters.
To make this plot we repeated the inference while
conditioning on the Chabrier/Salpeter models by setting
µαb , µαd = (0.6, 0.6), (0.6, 1), (1, 1) and (σαb , σαd) = (0, 0).
As opposed to Figure 1 it can be immediately noted that
none of the inferred stellar mass fractions are unphysical,
and that all have smaller uncertainties than the simply-
estimated “observed” mass fractions; this latter point results
from the fact that our model correlates each of the lenses
c© 2012 RAS, MNRAS 000, 1–13
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Figure 5. The inferred stellar mass fractions F from the inference, for comparison with Figure 1. The “observed” (and often unphysical)
F values are plotted as grey points, while the hierarchically-inferred F values are shown in colour. Top: Salpeter IMF, Middle: Salpeter
IMF for bulge, Chabrier IMF for disc, IMF: Bottom: Chabrier IMF.
and penalises widely discrepant masses, thereby reducing
the uncertainties. In each case, we see a significant trend of
lower stellar mass fractions in galaxies with increasing total
mass (as represented by σSIE). This could be due to the dark
matter fraction increasing as the Einstein radius increases
and the mass enclosed becomes less dominated by the stars.
9 DISCUSSION AND CONCLUSIONS
We have implemented a hierarchical model for a sample of
strong lens galaxies, and used it to interpret a set of highly
compressed data: total mass estimates obtained from strong
gravitational lensing, and stellar mass estimates of the bulge
and disc components obtained from SPS models that assume
a Salpeter IMF. This simple set-up allowed us to explore the
basic mechanics of the hierarchical inference in some detail.
We found that an apparently uninformative prior on each
galaxy component mass can actually have a significant im-
pact on the results, since this assignment opens up an expo-
nentially large volume of nuisance parameter space. A hier-
archical prior on the masses as well stabilises the problem,
as well as matching our actual knowledge of a) our selection
process and b) galaxies in general. Further work on higher
fidelity data might profitably include some relaxing of our
assumptions of simple log-normal distributions for both the
component masses and the α parameters.
While the data set analysed here is only a small sub-
set of all the available information about variations of the
IMF, it is an instructive subset that demonstrates many of
the issues that arise when combining small amounts of in-
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galaxies j
f j
M˜jd
µMd
M˜jb
Mjb
σ`
Mjd
σαb
σ˜SIE
M˜ jtot
αjd
`1
αjb
σMbµMb
σαd
`0
µαdµαb
σMd
Figure 3. Probabilistic graphical model of our hierarchical
model, produced using the DAFT package by Dan Foreman-Mackey
and David Hogg, available from http://daft-pgm.org/. The
equations illustrated by this figure are given in Table 2. The box
can be interpreted as a ‘for’ loop, indicating quantities that are
defined for each lens galaxy in the sample. Shaded nodes denote
observed quantities (aka “data”) whose values are conditioned on
in the inference. The small black dot indicates quantities that are
fixed and known, but considered as “prior information” rather
than “data” (i.e. no sampling distribution is specified).
formation from large numbers of objects. In particular, the
assumptions about the prior distributions for nuisance pa-
rameters are extremely important: assuming independence
can lead to absurd conclusions. We also note that scepticism
of IMF variations (e.g. Bastian, Covey, & Meyer 2010) must
eventually break down at some point as the only truly uni-
versal IMF would be one composed of delta function spikes
at the true initial mass of each actual star in the universe: in
other words, the appropriate question is not “does the IMF
vary” but “how much does the IMF vary, and as a func-
tion of what parameters?”. Ultimately, detailed models of
individual SWELLS galaxies, taking into account all of the
available data (Barnabe` et al. 2012) could be combined in
similar way to the analysis of this paper. This would lead to
a full description of the conclusions of the SWELLS survey:
not only about the properties of the IMFs of disk galaxies
but also about all other properties measurable from gravi-
tational lensing and dynamical measurements.
While the analysis in this paper is something of a toy
model, it does achieve some important goals. First, we have
replaced the rather unsatisfactory “observed stellar mass
fractions” that appeared in SWELLS-III, and in the pro-
cess, incorporated some new, quantitative information – the
fact that stellar mass fractions cannot be greater than one
– into the inference of IMF normalisation. Second, the hi-
erarchical framework we have presented has allowed us to
explore the model that we were actually interested in! If we
are to relax the assumption of a Universal IMF, that means
that each galaxy must have a different IMF, each of which is
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0.4
0.6
0.8
1.0
1.2
1.4
1.6
1.8
2.0
µ
α
d
Combined Inference
Salpeter
Salpeter Bulge, Chabrier Disk
Chabrier
Figure 4. Samples from the posterior PDF for the median IMF
normalisation parameters in the context of our hierarchical model,
µαb and µαd , given 19 SWELLS galaxies’ mass measurements.
The inner contour encloses 68% of the probability and the outer
contour encloses 95%. The hypothesis that both bulge and disc
IMF normalisations are centered around Salpeter is indicated by
the red triangle at (1, 1). Similarly, the purple star at (1, 0.6)
and the blue circle at (0.6, 0.6) denote other hypotheses about
the typical IMFs of bulges and discs.
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Figure 6. Samples from the posterior PDF for the width param-
eters, σαb and σαd , of the galaxy component IMF normalisation
distributions, given 19 SWELLS galaxies’ mass measurements.
Small values of σαb imply a situation where the IMFs of bulges
are close to universal, and this is not ruled out by the data. This
is also the case with σαd . The prior was uniform over the square
region plotted here, so the data merely rule out high values of the
width parameters.
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to be measured. The hierarachical model enables investiga-
tion of all possible scenarios in between the two extremes of
Universality and total randomness. It seems to us that as-
serting some distribution of IMF parameters, implying some
essential similarity between galaxies in a sample, is the log-
ical first step beyond universality.
Our conclusions regarding the IMF normalisation in the
bulge and disc components of our sample of galaxies can be
stated as follows:
• Under the assumptions that 1) the stellar populations
of a particular bulge or disc can each be described by a
single IMF normalisation, and 2) that bulges are drawn from
one population distribution (both in stellar mass and IMF
normalisation) and discs another, we find that the galaxies
in the SWELLS sample seem to have been drawn from a sub-
population with lighter-than Salpeter IMF: the medians of
the bulge and disc IMF normalisation distribution are such
that p(µαb < 1) ≈ 96.6% while p(µαd < 1) ≈ 81.6%.
• The widths of the distributions of IMF normalisations
are consistent with small values (i.e. a close-to-universal
IMF) or more moderate values (variable IMF), both for
SWELLS galaxy bulges and SWELLS galaxy discs. Given
the uncertainty in the measurements, we cannot draw firm
conclusions about IMF universality from these parameters
alone, despite them being the natural choice. The results are
consistent with the hypothesis of a universal IMF, but not
a universal Salpeter IMF.
We suggest that hierarchical modelling is the natural
way to approach inference problems involving samples of
complex objects which can be assumed to be similar in cer-
tain respects. In particular, as samples of strong lenses con-
tinue to grow, we expect these highly informative individual
objects to be most informative in ensembles when analysed
in this way.
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APPENDIX A: PROBABILITY EXPRESSIONS
Here we discuss the independence assumptions used in the hierarchical model specified in Section 7. The unknown hyperpa-
rameters (which describe the population distributions) are:
η = {µαb , σαb , µαd , σαd , µMb , σMb , µMd , σMd , `0, `1, σ`} (A1)
The priors on these hyperparameters are given in Table 2. The parameters for an individual galaxy j are:
θj =
{
αjb, α
j
d,Mjb,Mjd, f j
}
. (A2)
The joint prior for all unknown hyperparameters and the individual galaxy parameters can be written using the product rule:
Pr
(
η,
{
θj
}N
j=1
)
= Pr (η) Pr
({
θj
}N
j=1
|η
)
(A3)
The assumption is that, given the hyperparameters, the individual galaxy parameters are independent:
Pr
(
η,
{
θj
}N
j=1
)
= Pr (η)
N∏
i=1
Pr
(
θj |η
)
(A4)
where Pr
(
θj |η) is the same function for each j. We also assume that the data for galaxy j is independent and only depends
on the parameters for galaxy j:
Pr (D|η,θ) =
N∏
i=1
Pr
(
Dj |θj
)
(A5)
where Pr
(
Dj |θj) is the same function for all j.
One way to think about the hierarchical model is to think of the hyperparameters as describing the distribution of
galaxy properties in the population, and each galaxy as being a point “drawn from” this distribution. The data is then
drawn independently (for each galaxy) from a distribution that is dependent only on that galaxy’s properties, and not on the
properties of that galaxy or the hyperparameters. These assumptions make sense when the objects being studied can literally
be thought of as having been sampled from some population. However, hierarchical models can also be used when there is
no population. Introducing the hyperparameters is a convenient way of constructing a prior distribution for N exchangeable
variables that are dependent. One could imagine marginalising away the hyperparameters which would give a dependent prior
on the parameters (such that, for example, knowledge of several galaxies’ properties would be informative about the properties
of a subsequent galaxy). hierarchical models can be used to implement such dependent priors, even when the “population”
motivation may be absent.
APPENDIX B: CORNER/TRIANGLE PLOT
For completeness, a “corner” plot, showing various joint posterior distributions for an interesting subset of the hyperparame-
ters, is given in Figure B1. A distinct correlation exists between `0 and µαb , and `0 and µαd , reflecting the fact that higher
stellar mass fractions enable the IMF normalisation to be increased somewhat before becoming incompatible with the data.
This plot was made using triangle.py by Dan Foreman-Mackey, available from http://www.github.com/dfm/triangle.py.
APPENDIX C: NON-HIERARCHICAL RESULTS
The results obtained by applying the single-object model (Section 5) to all 19 galaxies in the sample, and then combining the
results, is given in Figure C1. This model implies strong evidence against all but the lightest IMF scenarios because it does
not recognise the possibility that a lot of the galaxies may have a high stellar mass fraction (within the apertures used).
This paper has been typeset from a TEX/ LATEX file prepared by the author.
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Figure B1. A “corner” plot of joint posterior distributions for many of the hyperparameters.
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Figure C1. The IMF inferences obtained by na¨ıve application of the single object model to all objects independently.
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